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Abstract
The representation theory of the quantum group suq(2) is used to introduce q-analogues
of the Wigner rotation matrices, spherical functions, and Legendre polynomials. The method
amounts to an extension of variable separation from Laplace equations to certain differential-
dilation equations.
1. Introduction
One of the present authors (P. W.) had the privilege of working for his Ph. D. degree under
the guidance of Professor Yakov Abramovich Smorodinsky in Dubna, starting 30 years ago. The
first article he was given to read was one by N. Ya. Vilenkin and Ya. A. Smorodinsky on invariant
expansions of relativistic scattering amplitudes [1]. This paper introduced a variety of different
types of “spherical functions” as basis functions for irreducible representations of the Lorentz
group, realized on O(3, 1) hyperboloids. This turned out to be a pathbreaking article that lead
to many interesting developments in the representation theory of noncompact groups and their
physical applications.
In addition to the original idea of two-variable expansion of scattering amplitudes [1-5], this
includes a group theoretical approach to the separation of variables in partial differential equations
[2,6-9]. Other scientific programs influenced by Ref. 1 are those of systematically classifying
subgroups of Lie groups [2,10,11], or of generating completely integrable Hamiltonian systems in
various spaces [2,12-14].
A much more recent development is the current interest in quantum groups [15-19] With it
came the realization that the so called q-hypergeometric series and other q-special functions have
a similar relation to quantum groups [20-24] as the classical special functions have to Lie groups
[1,25,26].
The purpose of this presentation and an accompanying article [27] is to use the theory of
irreducible representations of the quantum group suq(2) to construct q-spherical functions on an
ordinary (commutative) sphere S2, i.e. the homogeneous space SU(2)/O(2).
The motivation for this study is two-fold. First of all, if quantum groups are to play a role in
physics, then the corresponding q-special functions should occur in physics as wave functions, or
in some similar guise. Secondly, a systematic use of quantum group representation theory should
provide methods for introducing new special functions and obtaining new properties of known
functions
1Invited talk presented by P. Winternitz at International Workshop “Symmetry Methods in Physics” in memory
of Ya. A. Smorodinsky (Dubna, Russia, July 1993).
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We hope that this article demonstrates how strong the influence of one aspect of Ya. A.
Smorodinsky’s work is on research being conducted now, almost 30 years later.
2. The Quantum Algebra suq(2) and its Representations
2.1 Realization of the Quantum Algebra by Differential-Dilation Operators
The algebra suq(2) is a deformation of the Lie algebra su(2) and is characterized by the com-
mutation relations
[H3, H+] = H+, [H3, H−] = −H−, [H+, H−] = q
2H3 − q−2H3
q − q−1 , (1)
where q is some real number. For q → 1 Eq. (1) reduce to the usual su(2) commutation relations
[H3, H+] = H+, [H3, H−] = −H−, [H+, H−] = 2H3. (2)
Finite-dimensional irreducible representations of suq(2) are characterized by an integer or half-
integer number J . Basis functions for these representations can be denoted |JMq〉 and satisfy
H3 |JMq〉 =M |JMq〉
H+ |JMq〉 = αJM+1,q |JM + 1q〉
H− |JMq〉 = αJMq |JM − 1q〉
(3)
with
αJMq =
[
qJ−M+1 − q−J+M−1
q − q−1
qJ+M − q−J−M
q − q−1
]1/2
. (4)
For q = 1 Eqs. (3) and (4) reduce to standard su(2) formulas with
αJM1 = α
J
M = [(J +M)(J −M + 1)]1/2. (5)
Thus, in Eq. (3) we have chosen a basis of eigenfunctions of the operator H3, corresponding to a
nondeformed U(1) subalgebra of suq(2). We have α
J
J+1,q = α
J
−J,q = 0, hence there is a highest and
lowest weight N = ±J and the representations are finite-dimensional.
We shall now pursue an analogy with the construction of spherical functions YJM(θ, φ) for
su(2). These functions can be viewed as being defined on a sphere S2 defined by the relations:
x0 =
1
2
sin θ cosφ, y0 =
1
2
sin θ sin φ, z0 =
1
2
cos θ. (6)
Using a stereographic projection S2 → R2
x =
x0
1/2− z0 , y =
y0
1/2− z0 , (7)
we can see the spherical functions as being defined on the real plane (x, y) with
x = ρ cosφ, y = ρ sinφ, ρ = cot θ
2
0 ≤ θ ≤ pi, 0 ≤ θ < 2pi, 0 ≤ ρ <∞.
(8)
We shall also use the complex variable
z = x+ iy = ρeiφ. (9)
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We now need to construct operators H3, H+, and H−, acting on functions f(θ, φ) on S2, or
equivalently, on functions f(z, z¯) on the plane (z, z¯). The operators should satisfy the relations (2).
An “inspired guess” yields the following relations
H3 = −z∂z + z¯∂z¯ −N
H+ = −1
z
qz∂z − q−z∂z
q − q−1 q
z¯∂z¯−N/2 − qz∂z+N/2z¯ q
z¯∂z¯−N − q−z¯∂z¯+N
q − q−1
H− = z
qz∂z+N − q−z∂z−N
q − q−1 q
z¯∂z¯−N/2 + qz∂z+N/2
1
z¯
qz¯∂z¯ − q−z¯∂z¯
q − q−1 ,
(10)
where N is an integer or half integer parameter. The operators qz∂z and qz¯∂z¯ act like dilations:
qz∂zf(z, z¯) = f(qz, z¯)
qz¯∂z¯f(z, z¯) = f(z, qz¯) (11)
and it is easy to verify that H± and H3 satisfy the commutation relations (1). For q = 1 rela-
tions (10) reduce to su(2) expressions
H3 = −z∂z + z¯∂z¯ −N, H+ = −∂z − z¯2∂z¯ +Nz¯, H− = z2∂z + ∂z¯ +Nz. (12)
For q = 1 we see that H±, as well as H3 are first order differential operators. For q 6= 1 the
operators become nonlocal: in addition to derivatives, they involve dilations of the independent
variables.
2.2 Basis Functions for Irreducible Representations
We will now look for a realization of the basis functions
|JMq〉 = ΨJMNq(z, z¯) (13)
satisfying Eq. (3) with Hµ as in Eq. (10). The Casimir operator of suq(2), commuting with Hµ,
µ = 3, ±, is
Cq = H+H− +
(
qH3−1/2 − q−H3+1/2
q − q−1
)2
− 1
4
. (14)
From Eq. (3) we deduce that the basis functions of an irreducible representation satisfy
CqΨ
J
MNq =
[(
qJ+1/2 − q−J−1/2
q − q−1
)2
− 1
4
]
ΨJMNq. (15)
For q → 1 Eq. (15) reduces to the standard angular momentum relation
CΨJMN = J(J + 1)Ψ
J
MN . (16)
We are after explicit expressions for the basis functions (13) that for q = 1, N = 0 reduce to su(2)
spherical functions (and for N 6= 0 to Jacobi polynomials). To do this we put:
ΨJMNq(z, z¯) = N
J
MNqq
−NM/2QJq(η)R
J
NMq(η)z¯
M+N , (17)
η = zz¯ = cot2
(
θ
2
)
.
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To get a finite-dimensional representation (of dimension 2J + 1) we request the existence of a
highest and lowest weight, i.e.
H+Ψ
J
JNq = 0, H−Ψ
J
−JNq = 0 (18)
and by analogy with the q = 1 case, we put
RJJNq = const. (19)
The first of relations (18) implies a functional relation for QJq(η), namely
QJq(q
2η)(1 + η) = QJq(η)(1 + q
−2Jη). (20)
Its solution in terms of Exton’s q-binomial function28 is
QJq(η) = 1φ0(J ;−; q2;−ηq−2J) (21)
which for q → 1 reduces to QJ1(η) = (1 + η)−J .
For q = 1 the expression RJMN1(η) are polynomials related to the Jacobi polynomials. For
general q they are also polynomials, satisfying certain relations, following from Eq. (3). They are
(αJM+1,q)
2ηRJM+1,N,q(η) =
qM+N
q − q−1{−(1 + q
−2Jη)RJMNq(q
2η) + (1 + q−2Mη)RJMNq(η)} (22)
RJM−1,N,q(η) =
1
q − q−1{q
M+N(1 + q−2Jη)RJMNq(q
2η)− q−M−N(1 + q2Mη)RJMNq(η)} (23)
The normalization constant NJMNq in Eq. (17) was chosen to be
NJMNq = CJNq
(
[J +M, q]!
[J −M, q]![2J, q]!
)1/2
, (24)
where [a, q]! denotes a q-factorial and [a, q] a q-number28,29
[a, q] =
qa − q−a
q − q−1 , [k, q]! =
k∏
p=1
[p, q],
[0, q]! = 1,
1
[k, q]!
= 0, k ∈ Z<0. (25)
Relations (22) and (23) are nonlocal, in that the functions RJMNq are evaluated at η and q
2η,
We can eliminate RJMNq(q
2η) from these two “difference-dilation” equations and obtain a recursion
relation, namely
(αJM+1,q)
2ηRJM+1,N,q(η) +R
J
M−1,N,q(η) = {[M +N, q]− [M −N, q]η}RJMNq(η). (26)
3. The q-Vilenkin-Wigner Functions and q-Spherical Functions
The recursion relation (26), as well as the relations (22) and (23) are solved by the following
polynomial in η:
RJMNq(η) = [J −N, q]![J −M, q]!×
×∑
k
(−1)kηk
[k, q]![J −M − k, q]![J −N − k, q]![M +N + k, q]!
(27)
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and thus the basis functions (17) are completely determined. With an appropriate choice of the
normalization constant CJNq in Eq. (24) we can rewrite them as
ΨJMNq(θ, φ) =
1√
2pi
([2J + 1, q])1/2i−2J+M+NP JMNq(cos θ)e
−i(M+N)φ. (28)
Here we have introduced the “q-Vilenkin-Wigner functions”
P JMNq(ξ) = i
2J−M−N
(
[J +M, q]![J +N, q]!
[J −M, q]![J −N, q]!
)1/2
η(M+N)/2QJq(η)R
J
MNq(η)
η = zz¯ =
1 + ξ
1− ξ , ξ = cos θ. (29)
For q = 1 these functions reduce to the functions P JMN(cos θ) extensively studied by Vilenkin
25
and directly related to the Wigner rotation matrices30 dJMN(θ). They are also related to Jacobi
polynomials
P JMN(ξ) = 2
−M(i)−N+M
[
(J −M)!(J +M)!
(J −N)!(J +N)!
]1/2
×
×(1− ξ)(−N+M)/2(1 + ξ)(N+M)/2P (p,q)k (ξ)
k = J −M, p = M −N, q =M +N.
(30)
The functions P JMN(ξ) are usually introduced as rotation matrices, but they can just as well arise
as basis functions for representations of su(2). It is this second role, that of basis functions for
irreducible representations, that has been generalized to the quantum group suq(2).
Most properties of the ordinary (q = 1) Vilenkin-Wigner functions have their q-analogues. We
shall just list some of them and refer to a related article27 for proofs
Recursion formula
i([M +N, q]η−1/2 − [M −N, q]η1/2)P JMNQ =
= −([J −M, q][J +M + 1, q])1/2P JM+1,N,q+
+([J −M + 1, q][J +M, q])1/2P JM−1,N,q.
(31)
Generating function, defined as
F JN,q(ω) =
J∑
M=−J
P JMNq(η)
([J −M, q]![J +M, q]!)1/2ω
J−M , (32)
has the form
F JN,q(ω) = i
J+N 1
([J +N, q]![J −N, q]!)1/2 η
(J−N)/2QJq(η)
J−N−1∏
p=0
(ωq−J+N+1+2p + iη−1/2)
J+N−1∏
p=0
(ωq−J−N+1+2p − iη1/2). (33)
For q = 1 this simplifies to the well-known generating function
F JN1(ω) ≡ F (ω) =
1
[(J −N)!(J +N)!]1/2
(
cos
θ
2
+ iω sin
θ
2
)J+N
×
5
×
(
ω cos
θ
2
+ i sin
θ
2
)J−N
. (34)
Symmetry relations
P JMNq(ξ) = P
J
NMq(ξ) (35)
P JMNq(ξ) = P−M,−N,q(ξ) (36)
P JMNq(−ξ) = i2J−2M−2NσJ,q
QJq(ηq
2J+2)
QJq(η)
PM,−N,q(ξ) (37)
where
σJ,q = q
J(J+1) for J integer
σL+1/2,q = q
(L+1)2σ1/2,q for J half-odd integer
σ1/2,q =
1 + q
1 + q−1
1√
q
θ2(0)
θ3(0)
,
(θ2(u) and θ3(u) are ordinary theta functions).
It is now quite natural to introduce q-spherical harmonics in the same manner as ordinary
harmonics, namely
YJMq(θ, φ) =
1
[J −M, q]!P
J
M0q(cos θ)e
−iMφ. (38)
Similarly, the q-analogue of Legendre polynomials is
PJq(cos θ) = P
J
00q(cos θ) = i
2JQJq(η)R
J
00q(η). (39)
Notice that PJq(cos θ) for q 6= 1 is not a polynomial in cos θ in view of the properties of QJq(η).
Finally we mention the relations between the q-Vilenkin-Wigner functions and other q-functions
in the literature. These relations are best written in terms of the polynomials RjMNq(η) of Eq. (27).
For instance, in terms of the basic hypergeometric series28,29
2F1(a, b; c; q; z) =
∞∑
k=0
[a, k; q][b, k; q]
[c, k; q][k, q]!
zk (40)
[a, k; q] = [a, q][a + 1, q] · · · [a+ k − 1, q]
we have, for M +N ≥ 0
RJMNq(η) =
1
[M +N, q]!
2F1(M − J,N − J ;M +N + 1; q;−η). (41)
Using the “little q-Jacobi functions” pn(x; a, b; η) given e.g. by Koornwinder
31, we have
RJMNq =
1
[M +N, q]!
PJ−M(−q2j−1η; q2(M+N), q−2(2J+1); q2) (42)
(for J −M,J −N).
4. Conclusions
The full power of Lie group theory in its application to special functions only becomes apparent,
when applied to partial differential equations and combined with the separation of variables. One
way of viewing the results presented above is that we have extended the Lie algebraic treatment
of variable separation to q-special functions and to quantum groups. The separation occurs in
differential-difference equations of type (14) and (15), rather than in Laplace-Beltrami equations.
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In the future we plan to apply similar techniques to other quantum groups and hence to other
types of q-special functions.
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